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Abstract
As is known, an elementary excitation of a many-particle system with boundaries is not characterized
by a definite momentum. We obtain the formula for the quasimomentum of an elementary excitation
for a one-dimensional system of N spinless point bosons under zero boundary conditions (BCs). In this
case, we use the Gaudin’s solutions obtained with the help of the Bethe ansatz. We have also found
the dispersion laws of particle-like and hole-like excitations under zero BCs. They coincide with the
known dispersion laws obtained for periodic BCs.
1 Introduction
The theory of point bosons [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] based on the
Bethe ansatz is a valuable part of the physics of many-particle systems, since the system
of equations for quasimomenta kj can be solved exactly at any coupling constant γ, and
the thermodynamic quantities can be determined from the Yang–Yang equations [5] at any
temperature. This allows one to test the solutions for real nonpoint bosons, the equations
for which can rarely be solved (we call “nonpoint” the bosons, for which the interatomic
potential U(|xj − xl|) has a nonzero radius).
In the present work, we will study a one-dimensional (1D) system of spinless point
bosons in the exactly solvable approach, based on the Bethe ansatz. For the real systems
the boundary conditions (BCs) are closer to the zero ones (Ψ(x1, . . . , xN ) = 0 on the
boundaries), than to periodic BCs. Therefore, it is of importance to find the ground-state
energy and the dispersion law under zero BCs. The ground state was already studied
[6, 17], but the dispersion law was not found. To find the dispersion law, it is necessary to
determine the energy of a quasiparticle from Bethe equations and to obtain a formula for the
quasimomentum of a quasiparticle. These problems will be considered in the present work.
The main difficulty consists in obtaining the formula for the quasimomentum, because the
ordinary method with the use of the operator of momentum fails under zero BCs.
Under periodic BCs, a quasiparticle possesses the momentum [3, 7, 15, 18, 19, 20]
p =
N∑
i=1
(k´i − ki), (1)
where ki are the solutions for the ground state, k´i are the solutions for the state with one
quasiparticle, and we set h¯ = 1. This definition of the momentum of a quasiparticle is
self-consistent: the thermodynamic velocity of sound (vths =
√
m−1∂P/∂ρ, P = −∂E0/∂L,
ρ = N/L) coincides with the microscopic one (vmics = ∂E(p)/∂p|p→0) [3].
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Under zero BCs, the quasimomentum of a quasiparticle was obtained similarly to (1)
[17, 21]:
p =
N∑
i=1
(|k´i| − |ki|). (2)
However, in such approach the equality vths = v
mic
s is strongly violated [17]. Below we will
define the quantity p in such a way that this difficulty disappears. Using the formula for
p, we will find the dispersion law of quasiparticles.
2 Initial equations
Consider N spinless point bosons placed on a closed (or open) line of length L. The
Schro¨dinger equation for such system reads
−∑
j
∂2
∂x2j
Ψ+ 2c
∑
i<j
δ(xi − xj)Ψ = EΨ. (3)
We use the units with h¯ = 2m = 1. Under periodic BCs for each of the domains x1 ≤ x2 ≤
. . . ≤ xN a solution of the Schro¨dinger equation is the Bethe ansatz [2, 6]
ψ{k}(x1, . . . , xN ) =
∑
P
a(P )e
i
N∑
l=1
kPlxl
, (4)
where kPl is one of k1, . . . , kN , and P means all permutations of kl. Under zero BCs the
solution is a superposition of counter-waves [6, 11]:
Ψ{|k|}(x1, . . . , xN) =
∑
{ε}
C(ε1, . . . , εN)ψ{k}(x1, . . . , xN), (5)
where kj = εj|kj|, εj = ±1. Under any BCs the energy of the system is
E = k21 + k
2
2 + . . .+ k
2
N . (6)
Under periodic BCs, kj satisfy the Lieb–Liniger equations [2]. These equations are usually
written in the Yang–Yang form [5]
Lki = 2piIi − 2
N∑
j=1
arctan
ki − kj
c
, i = 1, . . . , N. (7)
We will use the Lieb–Lininger equations in the Gaudin’s form [6, 11]:
Lki = 2pini + 2
N∑
j=1
arctan
c
ki − kj
∣∣∣∣∣∣
j 6=i
, i = 1, . . . , N, (8)
where ni are integers. For the ground state of the system, ni = 0 for all i = 1, . . . , N . The
systems of equations (7) and (8) are equivalent [6, 11]. In this case, Ii = ni + i− N+12 .
Under zero BCs, kj satisfy the Gaudin’s equations [6, 11]:
L|ki| = pini +
N∑
j=1
(
arctan
c
|ki| − |kj| + arctan
c
|ki|+ |kj|
)
|j 6=i, i = 1, . . . , N, (9)
where ni are integers, ni ≥ 1 [11, 22]. The ground state corresponds to ni = 1 for all i. We
denote ρ = N/L, γ = c/ρ.
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Equations (8) has the unique real solution {ki} [7], and equations (9) have the unique real
solution {|ki|} [22]. The positivity of all |ki| was not proved in [22], but it is corroborated
by the direct numerical solution of system (9).
The quasiparticles are commonly described with the help of the Yang–Yang Ii-numbering
(7). Below we will introduce the quasiparticles with the help of the Gaudin’s ni-numbering
(8), (9), since this way is simpler, is more physical [23], and allows one to sight the Bose
properties of quasiparticles [16, 17]. These two ways of introduction of quasiparticles are
equivalent. For example, under periodic BCs, the “particle” {Ii} = (1− N+12 , . . . , N − 1−
N+1
2
, N − N+1
2
+ j) with the help of the ni-numbering is written as {ni} = (0, . . . , 0, j).
In the ni-language, the “hole” {Ii} = (1− N+12 , . . . , N − 2− N+12 , N − N+12 , N + 1− N+12 )
is {ni} = (0, . . . , 0, 1, 1). A way of introduction of quasiparticles with the help of the
ni-numbering was proposed in [17].
3 Definition of the quasimomentum of an elementary excitation
We now find how the quasimomentum of an elementary excitation can be determined under
zero BCs. Under periodic BCs, the relation [2]
N∑
j=1
(
−i ∂
∂xj
)
ψ{k}(x1, . . . , xN) =

 N∑
j=1
kj

ψ{k}(x1, . . . , xN) (10)
holds in the whole domain x1, . . . , xN ∈ [0, L]. Therefore, the system has the total momen-
tum
P =
N∑
j=1
kj, (11)
and the momentum of a quasiparticle is given by formula (1). Under zero BCs, the relation
N∑
j=1
(
−i ∂
∂xj
)
Ψ{|k|}(x1, . . . , xN) = f(|k1|, . . . , |kN |)Ψ{|k|}(x1, . . . , xN )
is not satisfied. Therefore, the system has no definite momentum. To find the formula
for the quasimomentum of an excitation, we use the following property. It is known that
the momentum (quasimomentum) of a quasiparticle is quantized by the law pj = h¯2pij/L
(j = ±1,±2, . . .) under periodic BCs [24] and pj = h¯pij/L (j = 1, 2, . . .) under zero BCs
[25, 26]. Starting from these relations, one can guess the formula for the momentum
(quasimomentum).
Consider a periodic system. Equations (8) yield
N∑
j=1
kj =
2pi
L
N∑
j=1
nj . (12)
It is seen that the quantity P =
∑N
j=1 kj is quantized in the same way as the momentum
of an ensemble of quasiparticles [24]. Therefore, it is natural to identify P with the total
momentum of the system (in the reference system, where the center of masses is at rest).
We obtain that P0 =
∑N
j=1 kj = 0 for the ground state and P1 =
∑N
j=1 kj = 2pir/L for the
state with one particle-like excitation (ni≤N−1 = 0, nN = r 6= 0). The momentum of a
particle-like excitation
p = P1 − P0 =
N∑
i=1
(k´i − ki) = 2pinN
L
=
2pir
L
(13)
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corresponds to formula (1) and to momentum quantization pj = h¯2pij/L [24]. We have
solved system (8) numerically, found the energies of the ground and excited states, and
obtained that the equality vths = v
mic
s holds with high accuracy: for ρ = 1 and γ =
0.1, 1, 10, the equality vths = v
mic
s holds with an error of <∼ 0.02%. This error is caused
by the inaccuracy of a numerical method and by the finiteness of the system (the equality
vths = v
mic
s must be exact in the thermodynamic limit and may be violated for not large
N,L).
We now consider the system under zero BCs. Relation (9) yields
N∑
j=1
|kj| = pi
L
N∑
j=1
nj +
1
L
N∑
i,j=1
arctan
c
|ki|+ |kj| |j 6=i. (14)
Introduce the quantity
P ({|ki|}) =
N∑
j=1
|kj| − 1
L
N∑
i,j=1
arctan
c
|ki|+ |kj| |j 6=i, (15)
then relations (14) and (15) yield
P ({|ki|}) = pi
L
N∑
j=1
nj . (16)
Since P (15), (16) is quantized similarly to the quasimomentum of the ensemble of quasi-
particles for an interacting system with zero BCs [26], it is natural to identify P (15),
(16) with this quasimomentum. It is essential that the quasiparticles are introduced for
a system of point bosons in such a way that the total number of quasiparticles ≤ N (the
same limitation exists also for a system of nonpoint bosons [23]). This limitation agrees
with (16). The smallest quasimomentum of the system corresponds to the ground state:
P0 = P (ni≤N = 1) =
pi
L
N∑
j=1
1 =
piN
L
= piρ. (17)
The quasimomentum of a particle-like excitation is
pr−1 = P (ni≤N−1 = 1, nN = r)− P (ni≤N = 1) =
=
N∑
j=1
(|k´j| − |kj|)− 1
L
N∑
i,j=1
(
arctan
c
|k´i|+ |k´j|
− arctan c|ki|+ |kj|
)
|j 6=i, (18)
where {|k´j|} and {|kj|} are solutions of Gaudin’s equations (9) for the states with one
particle-like excitation and without quasiparticles, respectively. Relations (16), (18) yield
pr−1 = pi(r − 1)/L, (19)
where r is equal to the value of nN for the state with one particle-like excitation: r =
nN = 2, 3, 4, . . . ;nj≤N−1 = 1. We have obtained the quantity with the required law of
quantization: pj = pij/L [25, 26]. The numerical analysis showed that the equality v
th
s =
vmics is satisfied with an error <∼ 0.2% for ρ = 1, γ = 0.1, 1, 10.
Thus, we have obtained the formula for the quasimomentum of a quasiparticle for the
system under zero BCs. It would be of interest to clarify which operator corresponds to
quasimomentum (15).
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Let us find the dispersion law E(p) of particle-like excitations for a system under zero
and periodic BCs. Under zero BCs we are based on (19) and the formula for the energy of
a quasiparticle is [3]
E =
N∑
i=1
(k´2i − k2i ). (20)
Under periodic BCs we use formulae (13), (20). We find the solutions {k´i} and {ki}
from Eqs. (8) under periodic BCs and from Eqs. (9) under zero BCs. In this case, {k´i}
corresponds to the state with one quasiparticle (ni≤N−1 = 0, nN = r for periodic BCs
and ni≤N−1 = 1, nN = r > 1 for zero BCs), whereas {ki} corresponds to the ground
state (ni≤N = 0 for periodic BCs and ni≤N = 1 for zero BCs). We have solved Eqs. (8),
(9) numerically and determined the dispersion law E(p) for zero and periodic BCs. As is
seen from Fig. 1, the dispersion laws E(p) under periodic and zero BCs coincide (a small
difference <∼ 0.5% is caused by the surface contribution △E(|p|) ∼ E(|p|)/N > 0 arising
under zero BCs and by the error of a numerical method). The direct numerical solution of
systems (8) and (9) indicates that the ground-state energy (E0) under zero BCs exceeds E0
under periodic BCs by only a small surface contribution △E ∼ E0/N [17]. For interacting
nonpoint bosons, the picture is similar: at any repulsive interatomic potential, the values
of E0 and E(p) of a 1D system under zero BCs [26] coincide with E0 and E(p) of the
periodic system [24]. Moreover, for a 1D system of interacting bosons it was found in the
harmonic-fluid approximation that the sound velocity is identical under periodic and zero
BCs [25].
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Figure 1: [Color online] Dispersion curves E(p) calculated by numerical solving Eqs. (8) and (9) within
the Newton method for N = L = 1000. 1) γ = 1: E(p) of particle-like excitations under periodic BCs
(open circles), under zero BCs (open triangles), and the Bogolyubov law [24] E =
√
p4 + 4γρ2p2 (crosses);
2) γ = 10: E(p) of particle-like excitations under periodic BCs (circles), under zero BCs (triangles), the
Bogolyubov law (stars), and the Girardeau’s law [1] E = p2 + 2piρ|p| (squares); 3) γ = 1.725: E(p) of
hole-like excitations under periodic (open diamonds) and zero (diamonds) BCs.
We have also calculated the dispersion law of hole-like excitations. It is seen from Fig. 1
that the dispersion law is the same under zero and periodic BCs. Visually, it coincides
with the dispersion law of holes obtained by Lieb [3]. Under zero BCs, holes correspond
to the states with the following quantum numbers nj : n1≤j≤l = 1, nl<j≤N = 2, where
l = 0, 1, . . . , N − 2. Under periodic BCs, holes are the states with n1≤j≤l = 0, nl<j≤N = 1
(l = 0, 1, . . . , N − 2) and the states with n1≤j≤k = −1, nk<j≤N = 0 (k = 2, 3, . . . , N).
Formula (16) implies that the quasimomentum of a hole under zero BCs is p = pi(N− l)/L;
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the maximal quasimomentum is pmax = piN/L = piρ. Under periodic BCs the hole has
momentum (1), (12), which takes values from pmin = −2piρ to pmax = 2piρ. The physical
nature of holes was studied in works [3, 4, 23, 27, 28, 29, 30, 31].
We note that the formulae for the quasimomentum and the solutions for the dispersion
laws, obtained above under zero BCs, are new results.
Interestingly, the dispersion law of particle-like excitations (Fig. 1) differs at γ = 1 from
the Bogolyubov law only by 5%. In this case, the available criterion of applicability of the
Bogolyubov model in the 1D case for zero and periodic BCs is as follows (at T = 0) [26]:
√
γ
2pi
ln
N
√
γ
pi
≪ 1. (21)
According to (21), it should be γ → 0, if N → ∞. But the solutions E0 and E(p) for
point bosons are close to the Bogolyubov solutions even at N →∞, γ ∼ 1 (as for periodic
BCs, see [2, 3]; for zero BCs it was found [17] that the energy levels E(nN) obtained in
the limit N → ∞ coincide (with an error of 1%) with E(nN ) found by a direct numerical
solving Eqs. (9) at N = 1000; therefore, the dispersion law E(p)|N→∞ coincides with the
above-found one E(p)|N=1000 and is close to the Bogolyubov law at γ <∼ 1). We remark
that the dispersion law at γ = 10 (see Fig. 1) is closer to the Bogolyubov law, than to the
Girardeau’s one. Though it would be expected the contrary, since the Girardeau’s formula
is exact at γ = +∞, whereas the Bogolyubov formula loses its meaning at such γ. The
reason for the applicability of the Bogolyubov solutions at not small γ is yet unclear.
It was obtained [17] that the dispersion laws of particle-like excitations under zero and
periodic BCs are strongly different. However, this difference is unphysical: it arose because
under zero BCs formula (2) was used instead of formula (18).
To our knowledge, only one point of the dispersion law E(p) was measured, at several
values of γ, for a 1D system of point bosons in a trap [32]. The question is, how to measure
the dispersion law in a system with zero boundary conditions? Apparently, this can be
made with the help of an ordinary scattering. But we do not know how to pass from the
Gaudin’s wave function (5) to a localized wave package with a definite momentum.
4 Conclusion
We have studied the properties of quasiparticles for a 1D system of spinless point bosons, by
using the Gaudin’s numbering [6, 11]. We have found the formula for the quasimomentum
of a quasiparticle under zero boundary conditions. The analysis implies that the formula
for the quasimomentum depends on the boundary conditions and can be obtained from
the equations for kj. Moreover, we have calculated the dispersion law for particle-like and
hole-like quasiparticles under zero boundary conditions.
The present work was partially supported by the Program of Fundamental Research of
the Department of Physics and Astronomy of the National Academy of Sciences of Ukraine
(project No. 0117U000240).
[1] M. Girardeau, J. Math. Phys. (N.Y.) 1, 516 (1960).
[2] E.H. Lieb, W. Liniger, Phys. Rev. 130, 1605 (1963).
[3] E.H. Lieb, Phys. Rev. 130, 1616 (1963).
6
[4] E.H. Lieb, The Bose Fluid in: Lectures in Theoretical Physics, vol. VIIC, ed. by W.E.
Brittin (University of Colorado Press, Boulder, 1965), p. 175.
[5] C.N. Yang, C.P. Yang, J. Math. Phys. (N.Y.) 10, 1115 (1969).
[6] M. Gaudin, Phys. Rev. A 4, 386 (1971).
[7] M. Takahashi, Thermodynamics of One-Dimensional Solvable Models (Cambridge
University Press, Cambridge, 1999).
[8] D.M. Gangardt, G.V. Shlyapnikov, New J. Phys. 5, 79 (2003).
[9] J.-S. Caux, P. Calabrese, N.A. Slavnov, J. Stat. Mech. P01008 (2007).
[10] M.A. Cazalilla, R. Citro, T. Giamarchi, E. Orignac, M. Rigol, Rev. Mod. Phys. 83,
1405 (2011).
[11] M. Gaudin, The Bethe Wavefunction (Cambridge University Press, Cambridge, 2014).
[12] C.A. Tracy, H. Widom, J. Phys. A: Math. Theor. 49, 294001 (2016).
[13] S. Prolhac, J. Phys. A: Math. Theor. 50, 144001 (2017).
[14] M.T. Batchelor, A. Foerster, J. Phys. A: Math. Theor. 49, 173001 (2016).
[15] G. Lang, F. Hekking, A. Minguzzi, SciPost Phys. 3, 003 (2017).
[16] M. Tomchenko, J. Low Temp. Phys. 187, 251 (2017).
[17] M. Tomchenko, J. Phys. A: Math. Theor. 48, 365003 (2015).
[18] M.T. Batchelor, M. Bortz, X.W. Guan, N. Oelkers, J. Stat. Mech. P03016 (2006).
[19] M. Pustilnik, K.A. Matveev, Phys. Rev. B 89, 100504(R) (2014).
[20] Z. Ristivojevic, Phys. Rev. Lett. 113, 015301 (2014).
[21] S.J. Gu, Y.Q. Li, Z.J. Ying, J. Phys. A: Math. Gen. 34, 8995 (2001).
[22] M. Tomchenko, J. Phys. A: Math. Theor. 50, 055203 (2017).
[23] M. Tomchenko, arXiv:1905.03712 [cond-mat.quant-gas].
[24] N.N. Bogoliubov, J. Phys. USSR 11, 23 (1947).
[25] M.A. Cazalilla, J. Phys. B: At. Mol. Opt. Phys. 37, S1 (2004).
[26] M.D. Tomchenko, Ukr. J. Phys. 64, 250 (2019).
[27] M. Ishikawa, H. Takayama, J. Phys. Soc. Jpn. 49, 1242 (1980).
[28] J. Sato, R. Kanamoto, E. Kaminishi, T. Deguchi, Phys. Rev. Lett. 108, 110401
(2012).
[29] T. Karpiuk, P. Deuar, B. Przemyslaw, E. Witkowska, K. Pawlowski, M. Gajda, K.
Rzazewski, M. Brewczyk, Phys. Rev. Lett. 109, 205302 (2012).
[30] A. Syrwid, K. Sacha, Phys. Rev. A 92, 032110 (2015).
[31] J. Sato, R. Kanamoto, E. Kaminishi, T. Deguchi, New J. Phys. 18, 075008 (2016).
[32] F. Meinert, M. Panfil, M.J. Mark, K. Lauber, J.-S. Caux, H.-C. Na¨gerl, Phys. Rev.
Lett. 115, 085301 (2015).
7
